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Abstract

The study of gravitational waves will be of great importance in future
cosmology, but we can already develop useful research right now, in order
to fulfil useful achievements for future observations. Here, I study the ar-
rival time difference, due to gravitational lensing, between gravitational and
electromagnetic signals coming from the same source. The number of article
in literature about lensed gravitational waves and multimessenger cosmol-
ogy is growing with time, especially in the last years, but there is only one
article with the same purpose, Takahashi, 2016, and it is a good starting
point for my work. My thesis focuses on gravitational waves with much lower
frequencies. Farth observatories for gravitational waves are not sensible in
these frequency regime. These waves, therefore, are studied by pulsar timing
arrays (PTAs). PTAs study the time of arrival of the signals from millisec-
ond pulsars, which are the best clocks in the universe. With this method,
PTAs will be capable of detecting gravitational waves with frequency up to
f~1078/107° Hz.

A time delay is expected between gravitational and electromagnetic signals
because of their large difference in frequency. Indeed, in the case of the elec-
tromagnetic light, we can study its bent path due to gravity in the geometrical
optics regime, i.e. we can treat light propagation in terms of rays. For gravita-
tional waves with low frequencies wave optics is needed, that is, integrating
the ray optics study over the whole surface of the wave. For this reason,
gravitational and electromagnetic signals are expected to behave differently
passing near a mass and, therefore, their time of arrival will be different. In
particular, the wavelength of the gravitational wave being very large (A ~ 1
pc), it will "feel” the lens less, and pass almost unperturbed, with respect to
light, that has a much shorter wavelength.

The sources of such large gravitational waves are super massive binary black-
holes (SMBBHSs). Their study is fundamental to understand what kind of
signal we are looking for, and that is why the chapter about these systems is
the longest in this thesis. The interesting part is the electromagnetic signal
associated with such peculiar sources. It is expected to be unique and, there-
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fore, "easily" recognizable and it should give different informations about the
system, such as, for example, its period.

The final goal of the thesis is to understand the feasibility of such obser-
vations. Starting from different result and equations from literature, I show
that, for next generation observatories, this feature will be observable with
good precision, for a large range of sources. With current technologies, the
task is harder, and only a lucky case could be actually observed.
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Chapter 1

Introduction

The field of cosmology is incredibly wide and comprehend numerous and

very different tasks. A great innovation will be brought, in large part of these
subject, when we will be capable of study gravitational waves well enough.
In the last years, the research and interest about gravitational waves has
increased considerably. Almost two years ago (September 2015) the first di-
rect observation of a gravitational wave was made by the two detectors of
the Laser Interferometer Gravitational-Wave Observatory (LIGO), (Abbott,
2016)). This observation opened a whole new field of study in astrophysics.
As new observatories - such as VIRGO and Advanced VIRGO, in Italy, the
Japanese groundbased interferometer KAGRA (the KAmioka GRAvitational
wave detector), eLISA (the Evolved Laser Interferometer Space Antenna),
and DECIGO (the DECi-hertz Interferometer Gravitational wave Observa-
tory) - will be completed and begin operations, they will give us a new pow-
erful instrument to study the universe. Moreover, another method is being
developed and used to study gravitational signals with much lower frequency,
the pulsar timing array. This method is taken into account for my work and
it will be explained later on in this thesis.
In this work, I will study the arrival time differences, due to gravitational
lensing, between gravitational waves and electromagnetic signals, emitted by
one source at the same time or with known intrinsic time-delays. A first work
on this topic has been developed by Takahashi, 2016, He studied the cases of
two lens configurations (point mass and singular isothermal sphere lens) for
monochromatic and chirp signals in a given range of wavelengths. He found
that the lens imprints a characteristic modulation on a chirp waveform, so
that one can be sure that the time delay is due to the lens; and that there
will be a delay between gravitational and electromagnetic signal, due to the
different wavelengths of the signals.
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First of all, there are some basic fact we have to understand for what we are
going to discuss. The main subjects are:

[ Gravitational Waves
L2 Gravitational Lensing
Geometrical Optics & Wave Optics

1.1  Gravitational Waves

Gravitational waves (GWs) are tensor perturbations of the metric induced
by a time variation of the second derivative of the quadrupole moment tensor
of the energy density of the source.

Gravitational waves follow directly from the general theory of relativity. We
can deduce their existence starting from Einstein equations. The completeﬂ
set of Einstein equations are

1 8rG

Roz,B - §Rga5 = 4 Taﬁ’ (11)
c

where g,s is the metric, R,z is the Ricci tensor (contraction of the Riemann

curvature RVOM with the metric g,9), R is the Ricci scalar (contraction of

Ricci tensor with the metric) and 7,4 is the energy-stress tensor. First, we

use the weak field approximation, where we can rewrite g, as

Guv = Nuv + hm/- (1.2)

Here 7, is the Minkowski flat space-time metric and b, is a small pertur-
bation of the flat space-time, h,, < 1. We can write Einstein equations in
term of the metric gwﬂ and simplify them if we consider a change in coor-
dinates: ' = z* + £*(x), called gauge transformation, where £*(x) is small.
Using this change, we obtain a new metric 1,5 = hag — 0ulp — 05€a. The
point is, £*(z) being arbitrary functions, we can set them in order to haV(ﬂ
Vo, = 85hg—%8ah?/ = 0, known as Lorenz gauge. In this case, the Lorenz gauge
can be written in the simple form: 930h*? = 0, where hog = hag — 37ash is
the trace-reverse perturbation. Substituting this perturbation in the Einstein
tensor Gop = Rop — %Rgaf;, using the Lorenz gauge yields

167G

T s (13)

]

1 'We are not taking into account any cosmological constants or similar.
2 1 derived it here only for the case of empty space, paragraph
 We will see later, eq. (1.5), what is the reason of this choice.
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where [J = T]O“B% = —g—; + V2 is the d’Alambert operator. This is the
linearised Einstein equation for weak sources, and can be seen as a general
gravitational wave equation, where the d’Alambertian is the wave operator

and the energy-stress tensor T,z is the source.

1.1.1 GWs in empty space

We infer the form of the waves in empty space, far away from any mass-
energy source. We know that in vacuum, Einstein equations are reduced
to R,, = 0. Rewriting the Ricci tensor in terms of the metric , we find
R, = (Ruw)o + 0R,, = 0 where (R,,)o is the Ricci tensor calculated in flat
space-time, so it equals zero and therefore we are left with 6z, = (ﬂ We now
want to show explicitly R, = 0 in terms of h,,(x). Using the expression
for Ricci tensor in terms of the Christoffel symbols, and of this one in terms
of the metric, we find

1 1 1
OR.5 = 5 |:—Dha5 + 04 (87@ — 58/3@) + 0p (&;h‘; — 5(9&@)} = 0.
(1.4)
Defining V,, = &;hi — %&xh% we obtain

5Ra5 = (—Dhaﬂ + 6aV5 + %Va) . (1.5)

DN | —

We can further simplify this equation using the Lorenz gauge, and it will
finally give us:
Uhap = 0. (1.6)

This is the gravitational wave equation in empty space.

A solution, f(z), for this equation can be written, f(r) = Ae®*"®x, It follows
that Of(z) = —k"k,f(z) = 0, from which we can infer that £k, = 0. This
means that k* = (|k|, k) is a null four-vector and that the gravitational waves
travel at the speed of light, since we are using the natural units, where ¢ = 1.
This is an important result for our discussion, because we just proved that
if GWs and Electromagnetic (EM) waves are emitted at the same time, any
arrival time differences between the signals is to be explained by some other
cause, being their speed in vacuum the same. It is also true that massive
gravity theories are developing in last years. In that case, the graviton being
massive, the speed of GWs should be less than the speed of light. In this
work, though, we consider the classic meaning of general relativity theory. A

more general solution of the wave equation is f(z) = | d3ka(k)e™™®r, given

* This is a set of 10 linear, partial differential equation for h,, (z).
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by the superposition of waves with different frequencies.
In term of the metric, the solution is

hop(z) = ange™ ™, (1.7)

where a,p is a constant, symmetric (0,2) tensor. Again, from the Lorenz
gauge we can set ap s = 0 and ag = 0. From the latter equation and V, = 0,
we find k7a;; = 0. That shows that gravitational waves are transverse, as are
EM waves.

In order to find an explicit solution to the wave equation, we simplify the
problem and select spatial coordinates such that the wave is travelling in the
z direction. Then k* = (w,0,0,k%) = (w,0,0,w). Putting together all the
conditions seen before will lead us toPt

00 0 O
0 a b 0],
iw(z—t)
hag = 0b —a 0 € . (18)
00 0 0

It is straightforward to see that there are two polarizations of the waves.
These are proportional to a or b, and are usually called the +(plus) and the
X (cross) polarization. The most general solution is given by the superposition
of waves with different w, different direction of propagation and different
amplitudes for the two kinds of polarization.

1.1.2 Emission of GWs

We now want to study the generation of gravitational waves by matter
sources. Eq. (1.3)) can be seen as a general equation of the type,

i)
ot?

with f(z) being the metric and j(z) the source. The solution to this equa-
tion can be achieved through the Green function g(¢,r), first considering the
source as a o-function located in a definite point in the space-time. The ¢-
function being hard to deal with, we take eq. (1.9)), integrate both sides of it
over a small valume of radius r, and make r go to zero. We then find,

+ V2 f(x) = j(x), (1.9)

. 3 wy ¢ 3 B) =)
11_1@%/61 x0g(zt) = ll_r%/d xd ()0 (Z) = (t), (1.10)

T T

5 This choice of coordinates in which the transverse and traceless condition are repre-
sented explicitly is called transverse-traceless gauge, or TT-gauge.
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where the part involving the time (82g/0t?) goes to zero as r — (] Now,
substituting g(t,r) = O(t—r)/r, that is, the retarded solution of the homoge-
neous part of eq. (1.9), with O(+) a general function, we find —47O(t) = 06(¢)
and the solution g(t,r) will be

St —r)

1.11
Arr ( )

g(t,’l") = -

This solution is for a d-function source at the origin and an outgoing wave.
Generalizing the result, which means taking into account that the source is
extended and not just a point, f(¢,7) = — = fd3 ’U('tfq,]'ret, where [ - |e
means that the argument should be evaluated at retarded time, the solution[’]

becomes
Taﬁ I o
RO8 (¢, ) — 4/d3x’w (1.12)

|7 — 7|

for h®? with the source —1677%. Far away from the source, the solution will

beff
- 4
P (t,2) —— = [ P2 [Tt — 7, 7)]ier. (1.13)
r—oo T
Now, if we use the conservation law for 7%, and assume that the source
moves with non relativistic velocities, we finally find’
o 24 ..
hi(t, &) —— —T9(t —7), (1.14)
r—00 r
where I7(t) = [ d*xa’a’p(t, Z) is the quadrupole moment tensor of the en-
ergy density of the source.

Binary stars

A starting point for understanding the work by Takahashi, 2016|- where
they studied gravitational waves that may come, among other sources, from

6 g — oo for 7 — 0 but the volume element is decreasing as 4mr2.

T §(t',7") comes from O0f(z) = j(z), j(x) = 6(t)6(x)d(y)d(2) represents the source.
The prime is to refer at the retarded (or the source) quantities.

8 The asymptotic solution far from a source, whose size is much smaller than the
wavelength, is

f(t,7) 't —r,z).

r—o00 47y

9 For more details, see Appendix
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binary neutron star (NS) mergers, NS-BH mergers, or BH-BH binaries - is to
consider a system composed by two stars. Therefore, we consider two stars of
equal mass M, whose motion is in the z-y plane, orbiting around the common
barycentre (see Figure . Then, we write,

x(t) = Rcos(2t), y(t) = Rsin(Qt), z(t) =0, (1.15)

where R is the radius of the orbit, and €2 the orbital frequency of the stars.
Therefore, the components of the quadrupole momentum are

I = 2M R? cos® () = M R*[1 + cos(2Qt)] (1.16a)
I = 2M R? cos(Qt) sin(Qt) = M R*[sin(20t)] (1.16Db)
1% = 2M R? sin®(Qt) = M R*[1 + sin(20Q¢)] (1.16¢)

so, considering equation (|1.14]), we end up with
o 02\ R? cos[2Q(t —r)]  sin[2Q(t—7)] 0
pi o, SCMI 00— )] —cos20(t—1)] 0. (1.17)
e " 0 0 0

The frequency of the emitted radiation is thus twice the orbital frequency,
Q.
Generalizing this result to any binary inclination with respect to the line of
sight, and binary with different mass stars, gives
hi(t)\ _ 1AGuQPR? ((1+ cos® 1) cos(2Q(t)) (1.18)
he(t)) r cos ¢ sin(29(t)) ’ '
where 1 = myms/my + moy, and ¢ is the angle between the rotation axis of
the binary and the line of sight.

About GW in Takahashi, 2016

Takahashi considers gravitational waves with wavelengths large enough
to be in the wave optics regimd® with frequencies of about 10 Hz to 1
kHz. There are also cases, for example when the sources responsible for
the signals are merging (see Fig. 4 in the paper), where the wavelength
shortens enough to be close to the geometrical optics regime. In that case,
multiple images form and we see a modulation (interference pattern) of
the total wave. In this thesis, I study gravitational waves with larger
wavelengths, described by wave optics. As we will see, the limit between
geometrical and wave optics depends also on the lens mass. I consider
galaxies as lenses, i.e. with mass ~ 10* M. The frequency range in this
case is between 107% and 10~® Hz, corresponding to a period between 10
days and 1 year.

% See chapter
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X

Figure 1.1: Binary star system.

1.2 Gravitational Lensing

From general relativity, we know that light passing close to a mass (e.g.
a star, a galaxy or a galaxy cluster), is bent by the gravitational field of the
mass, that is, the lens. Therefore, light does not follow a "straight" line but
changes direction, as when it flows from a medium to another with different
refraction index. In this case, the refraction index, n, is given by the potential:

2
n=1--¢ (1.19)

where ¢ is the Newtonian potential. Because of this, we can deduce that light
will travel slower near the source and will have a delay with respect to the
light travelling in a flat space-time. The delay can be calculated using the
Shapiro time delay, equation ([1.20)).

Shapiro time delay General relativity tells us that a clock slows down, as the
gravitational field which the clock is immersed in increases. For this reason,
¢ being constant, if time slows down, then light has a delay with respect to
light that passes through flat space-time (or through a weaker gravitational
field). That is because if light takes 1 second to travel 3-10® m and 1 second
"lasts longer" in a stronger gravitational field, then it is as if light is slowed
down. We can quantify this delay by the equation:

observer
2
At / Sloldl (1.20)

source
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where ¢ is the potential of the gravitational field.

Before going on studying two specific lens configurations, let us define
two more quantities that are useful for later discussions.

Effective lensing potential We define an effective lensing potential, 1, such
that Vg = &, where @ is the deflection angle defined in eq. 1} and

— —

Vi = 222(_59:) = 2k(60), where r(0) is called the convergence. The local prop-
erties of the lens mapping are described by the Jacobian matrix

= a—é =M, (1.21)
00
where M is the magnification tensor. Therefore the magnification will be:
I 1
det A [(1—k)2—~2

p=det M = (1.22)

Time delay function The time delay function describes the time difference
between the arrival time of light that passes close to a lens and a light ray
that travels in a flat space-time. The function is

x t
geom o tgrav

— -,

- 1 D,D, —~
+ %a Ud G =5 — 00 | = tyoom + g (1.23)

- 1
t(9>ﬁ) = c Dd 5

tgrav 1S the Shapiro time delay, mentioned previously. Zgeom is due to the extra
path of the light with respect to the unlensed case. Take for example Figure
the real path of the light (S-A-O) is clearly longer than the unlensed one
(S-O). One could argue that, near the lens, the space-time being curved, the
path should be longer. That, though, is taken into account by the Shapiro
time delay. Furthermore, that is also why Z., has a maximum in the direction
of the source, while tgem has a minimum in the direction of the lens, as shown
in Figure [1.2]

Now, we know from eq. (1.27) that[]
S[1 - -
Vo {5(0 ) @z)} = 0. (1.24)

Therefore, according to Fermat’s principle stating that rays of light traverse
the path of stationary travel time with respect to variations of the path, we
get an image when the condition Vyt(0) = 0 is satisfied, as seen from Figure

T2
10 This comes from f =0 —a@(f) = (—3)—a@@) =0= (0 — ) —Vep =0
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tgeom
[
>\ H
O grav
[}
O
0]
£
J[totcl
—a—® /
\\—moﬂ

angular position

Figure 1.2: Time delay. The top panel shows tgeom. The delay is centred on the
source and it is greater as the position of the imagine (0) "get away"
from the source. The medium panel is Zg4, and it is greater as the light
pass closer to the lens. For more information see paragraph Time delay
function . The bottom panel is the combination of the two above.
Figure from Narayan and Bartelmann, [1996|

1.21 Point mass

Assuming that the lens is a point mass, its potential is:

GM
(b, z) = _—(b2 ey ViR (1.25)
where b is the impact parameter of the unperturbed light, and z indicates
the direction along the unperturbed light path, with the origin A in the point
closest to the lens (see Figure [I.3). The deflection angle is given by

“+oo
2 4GM

o0

where the last equation is valid for circularly symmetric lenses. In the case

: A _ AGM _ 2R,
of a point mass lens, |& = =5~ = == |.

mind that all the angles involved are small and the angles in the figure are

As seen from Figure , keeping in
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| A Z 0

Figure 1.3: A gravitational lens configuration. S is the source, M the lens and O
the observer. I is the position of the source as seen from the observer.
Figure from Narayan and Bartelmann, [1996|

exaggerated for clarity, we can write 6Dy = fDg — & Dys. In this way, we can
relate the position of the source and the image with

2
- - _Q_E

f=0-a@)=0-=7, (1.27)

where a = %ég and 6 is the Einstein radius, defined as follows. Considering

a circularly sglmmetric lens with an arbitrary mass profile, we have:

B(0) =0 — a(f) (1.28)
and, since a = %isd = D/:Tf%» where Dgys,D4 and Dy are shown in Figure

L4
Dy 4GM(6)

B0)=0- DyD, 20

Because of the rotational symmetry of the lens, if the source is exactly behind
the lens, as seen from an observer far away from the lens and the source, then
£ = 0 and the image would be a ring with a radius given by the Einstein
radius

(1.29)

[4GM Dy }1/2
0 = .

1.30
2 DdDS ( )

The solutions to equation (1.27)) for 0 are

o, — % (5 +.,/82 +49§3) | (1.31)

Gravitational lensing changes the apparent shape of the image while pre-
serving surface brightness, so the total flux of the source changes. This can
be understood thinking about a magnifying glass. When we look at a screen
through a magnifying glass it appears brighter, but, obviously, the brightness
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Figure 1.4: Gravitational lens system. S is the source and O the observer. The
angular diameter distances between observer and lens, lens and source,
and observer and source are Dy, Dgs, and Dy, respectively. I is the
position of the source as seen from the observer. Figure from Narayan
and Bartelmann, {1996,

of the screen itself does not change. The change in flux is quantified by the
magnification and in the case of circularly symmetric lens, it is p = 292 In

Bdg-
this equation, in the case of a point mass lens, we can use equation (|1.27)) for
[ so the magnification will be:

[ = [1 - (%’fﬂ_ . (1.32)

From this equation we can see that for § — g, © — oo. That is not a
problem because in a realistic case the source is never a perfect point and we
need to take into account the wave optics approximation. This will change
the equation, giving a finite u.
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1.2.2  Singular Isothermal Sphere

A slightly more complicated lens model is the singular isothermal sphere
(SIS). This is usually used when the lens is a galaxy, or a cluster of galaxies.
In my work, it is more likely that the lens is a galaxy than a cluster of
galaxies. In this model, the stars, which compose the galaxy, are assumed to
behave like particle of an ideal gas. Then, combining the equation of state of
the stars, p = 2L and the equations of hydrostatic equilibrium,

! M
r__¢ 2(70), (1.33a)
p r
M'(r) = 4nr?p, (1.33b)

where a prime denotes a derivative with respect to r, assuming that the gas
composing the lens is isothermal (i.e., T, in the equation of state, is constant)
we get a singular isothermal sphere mass distribution:

o2 1

v

plr) = 2rG r?’
where o, is the one-dimensional velocity dispersion of the stars, in this case,
constant]!] across the galaxy. Usually, most of the light deflection occurs in a
region of the order of the distance of the closest point of the light path (A in
Figure to the lens. Most of the time, this distance is small compared to
lens-source and observer-lens distances. Therefore, the lens can be considered
thin and, projecting the density along the line-of-sight, we obtain the surface
mass density,

(1.34)

2
Oy

1
3(€) = —. 1.35
€)= 3¢ (1.3
It follows that the projected mass within £ is given by
¢
M) =2r [ S(€)¢dE. (1.36)
0

From eq. (|1.26)), (1.35), and ([1.36)), we evaluate the deflection angle in the

. ~ 2
source plane, that is |& = 47r% )

We have multiple images when the source lies within the Einstein radius. In
this case we have two solutions: L = 3 £ . The magnification is

0. 0p ( 9E>1
—E 1+ E_(1xE) . 1.37
e = 5 3 N (1.37)

1 Indeed, we have mo? = kT, and, since T is constant, so is 7.
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Characteristics — || Effective Lensing | Deflection Angle
Lens model | Potential v(0) a()
. Dys 4GM Dys AGM
Point mass DsdDd - In 0] DsdDd 20]
Sis Dys 4mo? |(9| Dy 4o
Ds 2 Ds ¢2

Table 1.1: In this table we can see the effective lensing potential ¢(f) and the
deflection angle «(f) for both a point mass and a singular isothermal
sphere lens.

About Gravitational Lensing in Takahashi, 2016

In the paper by Takahashi, gravitational lensing is studied both for point
masses and SIS lenses. There is a clarification, though, to be done about
the time delay appearing in the article. The time delay for gravitational
lensing is defined with respect to the unlensed case and given by (see eq.
1.23)):

At %(5— By — v(6)] . (1.38)

Usually, it is defined in order to have At = 0 for the unlensed case,
At > 0 when the lensed signal arrives after the unlensed one and vice
versa for At < 0. The latter case is rather unusual because it is due to
rare situations, like the presence of exotic matter or of an under dense
region along the path of the signal. Nonetheless, in the paper we find
several time delays whose value is negative, but this is not a problem.
In order to respect the definition above, the potential of the lens must
be normalized, i.e. its value at infinity must be zero. That is not the
case in the paper, because none of the potentials are normalized. The
potential used in the paper can be see in Table [I.I} Furthermore, for the
singular isothermal sphere lens, one can never normalize the potential to
zero at infinity since the mass diverges. Anyway, this is not a problem if
one keeps just in mind that the definition above are no longer valid (i.e.
At < 0 does not mean that the lensed signal arrives before the unlensed
one). Besides, what we actually measure is not the delay with respect to
the unlensed case (it would be impossible to measure), but the different
arrival time for different images, different source positions or different
frequencies. Therefore, again, negative time delay are not a problem.




14 CHAPTER 1. INTRODUCTION

1.3 Geometrical Optics vs Wave Optics

Geometrical (or ray) optics and wave (or physics) optics are two ways to
study the propagation of waves, like EM waves but also, in our case, gravita-
tional waves. Further below there is a simple definition of those approaches,
but first we need to understand when to use one and when the other. There
are different ways to define the passage between the two "approximations'":

e Takahashi and Nakamura, 2003 say "in the gravitational lensing of
gravitational waves, the wave optics should be used instead of the ge-
ometrical optics when the wavelength A of the gravitational waves is
longer than the Schwarzschild radius of the lens mass" (see also Naka-
mura and Deguchi, 1999 )

e in Schneider, Ehlers, and Falco, 1992/ we find that "when the wavelength
is larger than the path difference between the multiple images, the
geometrical optics approximation breaks down".

Actually, we can see that those definition are the same. That is because the
second definition can be written as: if A > ADy,, where )\ is the wavelength
and ADy, is the difference between the path of the images, then we should
use wave optics. AD;,, is of course proportional to the time difference AT}, of
the images, in particular: AT}, = AD;y,/c. It is also true that AT, ~ Ddca2

and o ~ Did, where d is the distance between two images. Therefore we have:
Dgo? 2d
ADim = Aﬂm cC o~ d& c~ da = ?RS ~ RS (139)

Where we also used the definition of « as written right below eq. (1.26). From
eq. we can infer that A > AD;, is the same as A > R,.

In the article by Takahashi, 2016, the condition is also seen differently. That
is, let us figure out what is the value of the mass of a lens that divides
geometrical from wave optics, with respect to the wavelength of the grav-
itational wave (for the EM waves, we are always in the geometrical optics
approximation). Therefore,

2GM M 2 A !
AR XM G« S g raz10- 0, (2 ) ~ 10500, (L
c? c? G m Hz
(1.40)
and

M < 10°M, (i) B (1.41)
>~ ® H . .

Z
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For example, for a solar mass lens, the "border" wavelength would be A ~ 3
km=> v ~ 10° Hz. For a galaxy, M = 10" Mg, A = 1.47-10% m = v ~ 10~¢
Hz. This means that for larger A (or smaller v) than the values just found,
wave optics must be used. For v ~ 1078 Hz= M < 103 M,. Which means
that, for lenses with mass smaller than 10'3 M., wave optics must be used.
These examples are not casual, indeed M = 10! M, is the average mass of
a galaxy that could act as lens for my study, while v ~ 1078 Hz is a typical
GW frequency measured by Pulsar Timing Arrays (PTAs, see chapter [2.2)).
We can see that, for the study of this thesis, wave optics must be applied to
study GWs.

1.3.1  Geometrical Optics

Geometrical optics, or ray optics, describes light propagation in terms of
rays. The ray in geometric optics is an abstraction, or instrument, useful in
approximating the paths along which light propagates in certain classes of
circumstances.

The simplifying assumptions of geometrical optics include that light rays:
i) propagate in rectilinear paths as they travel in a homogeneous medium;
ii) bend, and in particular circumstances may split in two, at the interface
between two dissimilar media; iii) follow curved paths in a medium in which
the refractive index changes may be absorbed or reflected.

Geometrical optics does not account for certain optical effects such as diffrac-
tion and interference. This simplification is useful in practice; it is an excellent
approximation when the wavelength is small compared to the size of struc-
tures with which the light interacts. The techniques are particularly useful
in describing geometrical aspects of imaging, including optical aberrations.

1.3.2 Wave Optics

Wave (or physical) optics is the name of an approximation commonly
used in optics, electrical engineering and applied physics. In this context,
it is an intermediate method between geometric optics, which ignores wave
effects, and full wave electromagnetism, which is a precise theory. The word
"physical" means that it is more physical than geometric or ray optics and
not that it is an exact physical theory. This approximation consists of using
ray optics to estimate the field on a surface and then integrating that field
over the surface to calculate the transmitted or scattered field. This resembles
the Born approximation, in that the details of the problem are treated as a
perturbation.

In optics, it is a standard way of estimating diffraction effects. In radio, this
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approximation is used to estimate some effects that resemble optical effects.
It models several interference, diffraction and polarization effects, but not
the dependence of diffraction on polarization. Since it is a high-frequency
approximation, it is often more accurate in optics than for radio.
In optics, it typically consists of integrating ray-estimated field over a lens,
mirror or aperture to calculate the transmitted or scattered field.



Chapter 2

Gravitational Wave Detection

As mentioned in the introduction, several detectors for gravitational waves
are under construction, and a couple of them are already in use. Most of
them work through laser interferometry (e.g., LIGO, VIRGO, eLISA). The
frequency range for those detectors is between 107> to 10* Hz (see Figure
2.1). As said before, Takahashi, 2016/ worked in this range. In this work, I
will study gravitational waves whose wavelength is much larger, of the order
of 1078 Hz (= 10 nHz, that is A ~ 1 pc or period T~ 1 year), mostly coming
from super massive binary black-holes (SMBBHs). Therefore, we need differ-
ent detectors.

The great thing about astronomy is that, to accomplish its research, since
most of the time it can not make laboratories experiments, it is forced to use
what the universe offers. In this case, pulsars.

2.1 Pulsar

A pulsar is a neutron star in one of the latest stages in the life of a star.
It is a very compact object, its mass is of the order of 1 M, while having
a radius of ~ 10 Km. It also has a very intense magnetic field, B ~ 10'2
G (while a star usually has B ~ 10*72 G). Considering the pulsar as an
advanced stage of a star, the value of the magnetic field comes from the
conservation of magnetic flux: B;R; = ByRj, where f corresponds to the
pulsar and 7 to its progenitor. Therefore,

R\’ 10 2
By=B; (=] ~100(— ) ~10"G. 2.1

! (Rf) ( 10 ) 21
The most important characteristics of these objects are their beamed emis-

sion and their short rotation period. Simplifying, the latter can be deduced as

17
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Figure 2.1: Spectrum of potentially detectable GW sources and sensitivity curves
for PTA systems, the space-based laser interferometer LISA and the
ground-based laser interferometer LIGO. Figure from Manchester,
20101

in eq. (2.1), recalling the conservation of angular momentum, giving a period
of the order of seconddll The fast rotation combined with the beamed emis-
sion give the peculiar characteristic of the observed pulse. The wavelength of
the emission could vary over a large range of wavelengths, but in particular
they emit in the radio range. Of course, a pulsar can only be detected if, at
any time of the rotation, the beamed emission is pointed to the earth.

A part from usual pulsars, which have periods between 0.1 and 5 seconds,
there is another type of pulsar, the milliseconds pulsars (MSPs). These have
periods of milliseconds (from 2 to 50 ms), and are also called recycled pulsar.
This is because they were old silent pulsars with long periods which, thanks
to an evolving companion star, gained material and, most of all, angular mo-

I Actually, doing the calculation, the period is ~ 107° s. Then, because of the huge
magnetic field, the star is slowed down quickly.
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mentum. At the same time, this process reduces the effective magnetic field
of the pulsar, which is responsible for the emission. Nonetheless, thanks to
its big spin-rate, the emission beam is reactivated.

Because of their short period, their compactness and small magnetic ﬁeldﬂ
that give a high stability to the star and to its period, and their beamed
emission, MSPs are extremely precise clocks and, for this, are useful objects
for astronomy. In my case, for the detection of GWs.

2.2 Pulsar Timing Array

The technique used to detect GW, through MSPs, is called Pulsar Tim-
ing Array (PTA). It consists of monitoring the observed beam frequency of
several MSPs over a long period of time. The aim is to reconstruct the pulse
of the star as precisely as possible. The rotational phase of the pulsar, at
time £, is

8(1) = Olto) + 1(t — to) + £t 1o + .. (2.2

where f = d¢/dt is the rotation frequency, and f is the first time derivative
of f, and both are the unknowns of the problem. What is done, in practice,
is to take the time of arrival (TOA) of a pulsar as measured at the telescope
and to convert it in an inertial reference frame with respect to the pulsar.
Usually, the rest frame is the barycentre of the solar system. Therefore,

= ttopo - ttopo,O + Acloclc - AD]V[ + AR@ + AE@ + AS@ + AR + AE + ASJ (23)

where topo indicates the topocentric frame (i.e. the observer frame), A ek
accounts for differences between the observatory clock and a terrestrial time
standard, Apy (where DM stays for dispersion measure) is the correction
due to the inter stellar medium (ISM), Ag g g are respectively Romer delay
that accounts for light travel time across an orbit, Einstein delay, which takes
into account time dilation due to orbital motion and the gravity of other bod-
ies, and Shapiro delay. The ® indicates quantities arising from Sun and other
bodies in the solar system, while the others are referred to the Earth. It is
good to remind that some of these quantities are time dependent, like for
example Apys. Therefore, this work has to be really precise and continuous.
Once it is done, we can build a timing model, to reconstruct the rotational
phase of the pulsar [eq. (2.2))], at any given time. At this point, the observed
TOA is compared to the prediction made by the model just presented. The

2 The main cause of the slowdown, in the pulsar, is the strong magnatic field.
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difference between these two quantities is called timing residual. This is usu-
ally different from zero, despite the correction that have been made, and it is
due to different noises. The noise is called red or white, depending on whether
its power spectral density rises with frequency or stay flat, respectively. White
noise is due to radiometer noise, pulse jitter, and interstellar oscillation, while
timing noise, dispersion measure (DM) variation, and GW cause red noise.
Most of these noises can be reduced, or even deleted, increasing observing
and integration time, increasing radio bandwidth, observing with larger tele-
scopes, and by using low-noise receivers and ampliﬁerﬂ. Assuming all the
correction have been done correctly and all noise been reduced as much as
possible, what is left, in term of timing residual, is possibly due to GWs. As
in laser interferometry detectors, the wave passing between the pulsar and
the Earth, warps space-time, inducing a modulation in the TOA with respect
to the model]

The main reasons to use a PTA are that one (i) can increase signal-to-noise
ratio of the GW in the t¢iming residual, and (ii) compare timing residual
from different pulsars to discriminate between GW signal and other noises.
Indeed, because of the quadripolar nature of GWs, the signal we are look-
ing for contains unique characteristics. In particular, as seen in Figure
it gives a unique correlation between timing residual from different pulsars,
distributed in the sky. The figure shows the correlation, which depends only
on the angle separation between the pulsars, for a stochastic and isotropic
signal of GW, i.e. a Gravitational Wave Background (GWB). The trend of
the plot will be clear when, in chapter I will explain how the time resid-
ual takes place from GWs. In particular, eq. , will show how this time
residual depends on the relative position of source-pulsar-Earth. Therefore,
in the case of an isotropic background radiation, the value will depend only
on the relative positions of the pulsars. The maximum correlation is 0.5 and
not 1 because the pulsar terms, which will be presented in chapter are
never correlated. For a single detection, the problem is not so simple, and
other variables are to be considered, making a single detection less probable
than a GWB detectionf]

On the other hand, an error in the transformation between the observa-
tory clock and a terrestrial time standard [Agq in eq. (2.3)] would have a
monopolar signature, and an error in Ag, would have a dipolar signature.

Therefore, a pulsar timing array is needed not just to monitor many different
pulsars and to have more data, but also because of this unique correlation.

3 See Manchester, 2010| for more detail about noises.
4 For further explanation see chapter
5 For further investigation see Rosado, Sesana, and Gair, [2015/ and chapter



2.2. PULSAR TIMING ARRAY 21

0.4 — =

0.2 - ~

L 1 1 ) | 1 1 1 L | 1 1 L L |
0 50 100 150

Angle between pulsars (degrees)

Arrival time correlation

Figure 2.2: The Hellings-Downs curve showing the expected angular correlation
between pulsar timing residuals as a function of angular separation. It
was first explained by Hellings and Downs, [1983. Figure from Lynch,
2015,

Besides, by studying many pulsars, it will be possible to reconstruct the po-
sition in the sky of the source. For example, Anholm et al., 2009, through
simulations, examined how well the PPTA (Parkes Pulsar Timing Array, see
next paragraph) should constrain the position of a GW source, see Figure

2.3l

2.21 Pulsar Timing Array Collaborations

There are currently three major PTA collaborations.

- The European Pulsar Timing Arrayf| (EPTA) uses five telescopes to
monitor northern sky pulsars. The 100 m Effelsberg Radio Telescope
in Germany, the 76 m Lovell Telescope in England, the 64 m Sardinia
Radio Telescope in Italy, the Westerbork Synthesis Radio Telescope
(made up of 14, 25 m dishes) in the Netherlands, and the Nancay
Radio Telescope in France, a Kraus-type design consisting of a flat
primary and cylindrical secondary surface. The EPTA collaboration has
categorised 18 pulsars as Priority 1, meaning that they offer the highest
timing precision using their telescopes. They are the most promising
candidates for gravitational wave detection.

6 http://www.epta.eu.org/
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Figure 2.3: Localisation of a source of GWs in the northern sky (upper) and in
the southern sky (lower) using simulated data for the pulsars observed
by the PPTA. The actual assumed source positions are 06", 45° and
18", —45°. The position is better constrained for the southern hemi-
sphere because the PPTA pulsars are more numerous in that part of

the sky. Figure from Anholm et al., 2009.

- The North American Nanohertz Observatory for Gravitational Wave|
(NANOGrav) is a collaboration between USA and Canada. They use
the 100 m Green Bank Telescope in the US and the 305 m Arecibo
Observatory in Puerto Rico, to time 42 MSPs.

- The Parkes Pulsar Timing Arrayff| (PPTA) uses the 64 m Parkes Ob-
servatory in Australia.

These three collaborations also work together forming the International Pul-

7 http://nanograv.org/
8 http://www.atnf.csiro.au/research/pulsar/ppta/
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Figure 2.4: Sky-map, in equatorial coordinate system, of the pulsars included in the
Parkes Pulsar Timing Array sample (large open circles), the European
Pulsar Timing Array (open boxes), NANOGrav (solid boxes) and all
known pulsars with P < 20 ms. Figure from Hobbs, 2012,

sar Timing Arrayf| (IPTA). Here, data coming from all the telescopes of the
three collaborations are studied together to achieve quicker the goal of de-
tecting GWs.

Figure [2.4] shows the distribution in the sky of the MSPs known today. We
can see that most of the pulsars are found in the southern hemisphere. That
is why the IPTA is important. Besides, among others, this is one of the reason
why the Square Kilometre Array (SKA) is being built in two countries in the
south hemisphere (see below paragraph about SKA). A part from GW
detections, PTA are used to develop a pulsar-based time standard (indepen-
dent of terrestrial time standards) and to refine Solar system ephemerides.
That is because errors linked to the Earth based time standard and in the
models of the Solar System induce a monopolar and dipolar residual in the
TOA, respectively, and so are well detectable and correctable.

2.2.2 Latest and future results

In 1974, observations of the energy loss of the binary pulsar PSR 1913416
were attributed to the emission of gravitational waves (Taylor and Hulse,
Nobel prize 1993). The observation agreed with the theoretical expectation
of general relativity to better than 0.1%. That was the first proof of the
existence of GW and it was due to pulsars, even though the method was
different from the one explained above.

PTA is almost a newborn technique and, most of all, it is time demanding.

9 http://www.iptadgw.org/
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Therefore, results are not so high-sounding, yet. Nonetheless, data collected
so far are used to:

e improve noise detection and correction: as we saw previously, the de-
tection of a GW signal is a very precise work, where one has to delete or
minimize all other noises and eventually come up with a timing resid-
ual of few ps over an observation of several years (e.g., see Tab.4 in
Verbiest et al., [2016);

e refine pulsar and GW source models: we understood that having the
best pulsar model is a fundamental starting point for these investiga-
tion. Moreover, we also want to know what to look for. For this reason
modelling properly SMBBHs or any other GW source is a key step to
the whole work™}

e put constrains to

a)

Astrophysical Gravitational Wave Background (A-GWB). This
GWB is the expected background of GWs emitted by all SMBBHs
in the universe. See right panel of Figure [2.5|and below for further
explanation;

cosmic (super)string tension. Cosmic strings are one-dimensional
topological defects, relic of an early stage of the Universe, when
it was more symmetric. They were created through a spontaneous
mechanism of symmetry breaking, during the numerous phase
transitions of the early Universe. Two cosmic strings may interact
with a certain probability, and give birth to loops. Cosmic string
loops oscillate and decay emitting all of their energy in various
forms of radiation, with the dominant form thought to be GWs.
PTA gives an upper limits on the linear energy density of this
cosmic (super)string network;

Relic Gravitational Waves Background (R-GWB). Quantum fluc-
tuations of the gravitational field in the early Universe, amplified
by an inflationary phase, are expected to produce a stochastic relic
GWB.

The A-GWB is particularly important because it gives information about
SMBBHs and GWs with frequencies of the order of nHz. Indeed, those are
the sources that I will consider for my study. For example, Lentati, 2015 show
how current data set a limit on the number density of SMBHBs mergers per

10 For more on SMBBH see Chapter
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Figure 2.5: Comparison between the expected GWB amplitude from a simulated
cosmological population of SMBHBs and the 95 per cent upper limit
obtained with PTA experiment. Shaded areas represent the central 68,
95, 99.7 and 100 per cent confidence interval of the predicted signal
according to modelling, whereas the red curve is the 95 per cent upper
limit presented in the paper by Lentati, [2015]

unit redshift and unit chirp mass across cosmic history, even though this
limit is still weak. As shown in Figure the red line is the limit to the
GW amplitude in the frequency range of nHz (i.e., there can not be GW
with amplitudes greater than that limit), given by observation from EPTA.
Shaded regions are the confidence intervals for the expected amplitude, from
simulations. We can see that we still are not able to detect the expected
GWB, but we are quite close to it. As mentioned before (Rosado, Sesana,
and Gair, 2015)), detecting a single GW is different and we can not set any
limit so far to their detection.

We can say that PTA is almost at its beginning and both instruments and
data processing are improving quickly. For these reasons, there is optimism
about making a "real" detection, in a couple of years. A game changer in
this field will be the Square Kilometre Array (SKA).



26 CHAPTER 2. GRAVITATIONAL WAVE DETECTION

Square Kilometre Array

The Square Kilometre Array{l]is an international project which is building

what is going to be the biggest and most sensitive radio telescope in the
world. Ten countries (among which Ttaly and Sweden) participate in this
collaboration. It is built in two phases, called SKA and SKA2. The first
stage, whose building has begun in April, 2017, will work at approximatively
10% of the final total power of the observatory and it should be operative in
2020. The second and final stage, SKA2, should be finished and working by
the end of the 2020s. When complete, the SKA will consist of two different
observatories, in Australia and in South Africa plus other countries in Africa.
Each observatory will have an extended array (with thousands of antennae)
of three different types of antennae distributed over a distance of more than
3000 km. This will give the SKA a sensitivity corresponding to a telescope
with a square kilometre mirror, and (i) a frequency range between 50 MHz
(6 m) and 14 GHz (0.02 m), (ii) the highest sensitivity for a radio telescope
(more than 50 times more sensitive than the best current radio telescopes)
and (iii) a wide field of view[?]
This project will help deeply the research in many different aspects. For what
concerns the work of this thesis, it will increase the number of known pulsars
(SKA2 potentially could detect all galactic radio emitting pulsars in the
SKA sky, beaming in our direction) and study them with an unprecedented
precision, as well as increasing data quality of the already known pulsars.
Furthermore, with respect to Figure 2.3, it will also reduce the uncertainties
in the position of the GW sources in the sky. Without any doubt, this will
allow us to study GWs in depth and with a precision much higher than
current PTAs (see Figure [2.1).

H h\ww . skatelescope.org|and Lazio, 2009

12 Shao, 2015
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Chapter 3

Super Massive Binary Black Holes

In this section I present the characteristics of the GWs detected by PTAs
just shown, the possible sources of these GWs, black-holes (BH), and the
possible EM signal from these.

Black-holes are the most compact and relativistic object in Universe. A
BH density is so dense that nothing within its Schwarzschild radius (rg =
2GM/c*) can escape itF_:], not even light. From observations, we know that
there exist two types of BH: stellar BH and super massive BH (SMBH). Other
two types of BH, intermediate mass BH and micro BH could exist but, so far,
have not observed. Micro BH are thought to be created in the very first phase
of a high-dense Universe, while the nature of intermediate mass BH, which
have masses between 102 to 10*=5 My, is still questioned because, to date,
there are no direct evidence of them and their birth is debated. Stellar BH is
the last stage of a star with a mass above the Tolman—-Oppenheimer—Volkoff
(TOV) limit. Above this limit, the collapse of the star can not be stopped by
its matter content and, therefore, it becomes a BH. Stellar BHs have masses
of about 10 M. Super massive BHs have masses between 10° and 1010 M.
They are believed to be present in the core of every massive galaxyfl There
are currently many models which explain the existence of this type of BH in
the core of galaxies. The main point for my work is that their presence in
the Universe is widely proved.

Super massive binary black holes (SMBBHs), then, are due mainly to galax-
ies mergers. Indeed, SMBHs in the core of these galaxies may create a binary
system, live separately in an in-spiral phase and eventually merge together.
This process is very prolonged and could lasts millions of years. A useful
summary of the evolution of these kind of systems can be found in chapter 3

! This is true for non rotating, not charged BH, also called Schwarzschild BH.
2 Kormendy and Richstone, 1995,

27
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of Tanaka and Haiman, 2013| and I give a short summary in chapter[3.2] The
number of these binary systems is unknown. There are some articles in liter-
ature, which try to verify whether or not there could be actually detectable
systems. Meaning not just that they exist in the Universe, but also that
there are some of them sufficiently close and/or very bright in GW signal to
emerge from the background radiation. In the work by Sesana, Vecchio, and
Volonteri, |2009), it is said that, depending on massive black holes population
models, there should be, on average, at least one resolvable source producing
a timing residual in the range of PTAs.

3.1 Characteristics of the emitted gravitational sig-
nal

Not introducing further complications, the frequency emitted by these
SMBBHSs can be calculated as explained above in paragraph [I.1.2] and turns
out to be twice the orbital frequency. Obviously, due to this emission, the
system lose energy, evolve and enters an in-spiral phase, where the main
energy loss by the system is due to GWs emission. This phase terminates at
the last stable orbit (LSO). The frequency (or period) at this LSO is

frso=4.4-10"°My " Hz

J (3.1)
TLSO ~ 3M9 days,

where My is the total mass of the two SMBHs in units of 10° My,. Therefore,
we are at the border of the PTA sensitivity for the total mass of the binary
M =~ 10'° M, while for lower masses, the GWs at LSO would be not de-
tectable for current PTAs. For the in-spiral phase, PTA will be capable of
detecting GWs coming from binaries with m; o > 108 M@rﬂ, where my 5 are
the masses of the SMBHs. The changing rate of the frequency in the in-spiral

phase is

%

I - TS/ MBS FIL/3, (3.2)
where M = m?"m3® /(m; +my)'/3, is called the chirp mass and determines
the leading order amplitude and frequency evolution of GWs. This equa-
tion will be useful later on [see eq. (3.6)], when I will talk about how this
change in frequency with time could affect observations. There, I will give

3 Further details in Sesana and Vecchio, [2010
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some numerical examples as well. As showed earlier, GWs induce a pertur-
bation on space-time, h,g(t). If we consider a pulsar emitting a radio pulse
with frequency vy, this perturbation gives birth to, for an observer at Earth,
a frequency shift on the emitted frequency of the pulsar, according to the
characteristic two-pulse function

~_vt)—w 1 pp°
t.Q) = == _
2t 9) ” 21 + p°Qa

Ahas(t, Q), (3.3)

where v(t) is the pulsar frequency received on Earth, (2 is the unity vector
parallel to the direction of the propagation of the GW, p is the unity vec-
tor indicating the propagation direction of radio waves from the pulsar and
Ahos(t) = hag(ty, Q) — hag(t, Q) is the metric perturbation difference at the
pulsar and at the observer, respectively (see Figure . The observable, as
shown earlier, is the time residual, given by

r(t) = /Ot dt'z(t', Q). (3.4)

The frequency shift (eq. [3.3)] depends on Ahas(t), which exhibits the dif-
ferent metric perturbations at the pulsar and the Earth. Therefore, for any
kind of GW, we expect to have, for every pulsar, two different terms building
the timing residual. One, the Earth term, is due to GWs passing through
the Earth, and the other, the pulsar term, is due to GWs at the pulsar. For
a given source, the Earth term is the same for all the pulsars in the array
and it depends on seven parameters. On the other hand, the pulsar term is
different for every pulsar and it depends also on the distance of the pulsar
from Earth, which, for the moment, is often poorly constrained. Of course,
for an isotropic radiation (i.e. R-GWB and A-GWB), these two terms are
the same, or the difference between them is really small. For a single source,
we expect to have different frequencies coming from the pulsar term of dif-
ferent pulsars. This is because GWs from Earth and pulsar terms, observed
at the same time, must have left the source at different times] (see Figure
and we expect the emitted frequency to evolve with time [see eq. (3.2)].
This time interval is given by source-pulsar-observer relative position and
the Earth-pulsar distance. Indeed, the time span between the time the met-
ric perturbationﬂ detected through the pulsar term was emitted (7)) and the

4 To picture better the pulsar term, one can think that it is as, for an EM signal, we
have a mirror array in the sky which reflects the light coming from sources in the Universe.
These mirrors, being at distances of 1-10 kpc, would show us the sources at different ages.

> T use here the word perturbation in reference to Ah,g(t,Q) in eq. . Given the
wavelength of the radiation we are taking into account here, this is a more appropriate
term than just wave.
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Figure 3.1: Schematic example of the system composed by a GW source, S, a PTA
with three pulsars, P1, P and P3, and the Earth, O. Notice that the
angle between €2, and Qp is exaggerated in the figure. Usually it is very
small because the distance pulsar-Earth (~ 1—10 kpc) is much smaller
than the distance source-Earth (~ 102~3 Mpc). For more details see
the text.

time the one of the earth term was emitted (T;) can be quantified as|

d
Trt — Ty = AT = —(1 — cos9), (3.5)
c
where d is the Earth-pulsar distance, and 6 is the angle between the source-
Earth and the pulsar-Earth directions, see Figure[3.1] It can be shown (Sesana
and Vecchio, 2010), that these two different terms should be observable and
distinguishable. The change in time of the GW frequency follows from eq.
(3.2) and can be further appreciated by multiplying that equation with the
time interval,
Af = fAT = %w8/3/\45/3 FUBAT &~ (56)
~ 0.02 MY £ AT nHa,

where Mg = M/(10° My,), fs0 = f/(50 nHz) and AT is in year. This means
that, for example, for a GW of f = 1077 Hz and a source with two BHs

6 Notice that Tg > Ty, i.e. T always follows T).
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with myo = 108 My, Af =~ 0.04 nHz for AT = 10 yrs. For AT = 3-10*
yrd'} Af ~ 120 nHz. This means that in a time interval of the order of 10
years, that is the time span of current observations, the frequency emitted
can be consider constant. This is no longer true if we consider the radiation
registered with the pulsar term, with respect to the Earth term.

One thing to keep in mind is that the Earth term will always be better
determined because one can use all pulsars in the array to improve the S/N
ratio. For this reason, we will have to wait longer, for very precise data, to
work also on the pulsar terms, and that is also why, in most of current papers,
the pulsar term is often ignored.

3.2 Electromagnetic signal

In order to picture what could be the EM counterparts of a SMBBH,
one has to understand how the system evolve and reach the detectable GWs
emission phase. Many articles in literature try to summarize this process,
among which, for example, Tanaka and Haiman, [2013| and McKernan et al.,
2013 (and citations therein to further details), but they always stress the fact
that there are still lots of uncertainties in modelling these stages of SMBHs
mergers. This is because the complexity of the system, especially in the final
detectable GWs emission phase, would take too long to be properly modelled
in a 3D simulation, and therefore, most of studies uses either simplified mod-
els or 1D calculations. Furthermore, observational data, as we will see later
on, are still sparse.

In the process of a galaxy merger that leads to SMBBHs, stars and gas are
compressed to the central region. After the first stage of star scattering, the
system is compact enough for the binary to exchange momentum with the
surrounding gas, and starts accelerating. The gas is expected to form a cir-
cumbinary disk (red disk in Figure . This interaction, between the binary
system and the disk, align the two, so that they become prograde and copla-
nar. Then, the system is in a configuration very similar to an active galactic
nucleus (AGN) and, therefore, we expect EM emission in the form of AGN.
However, the central source being a binary and not a single BH, we expect
some differences in the configuration of the system and, as a consequence of
that, in the EM signal. In particular, there might be some time-dependent
variation in the emitted radiation that will be very useful for my study.

One thing to keep in mind is that, in order to actually create a SMBBH
system whose GW emission is observable via PTA, the masses of the two

71 consider here a distance of pulsars of about 10 kpc and 6 = 90°. For this distance,
the value of Af should be considered a maximum limit.
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Figure 3.2: Circumbinary disk scenario in which binary torques create a low density
region in the center of the disk. The accretion onto the binary members
is shown by the arrows. For more details see the text. Figure from
Bogdanovic et al., [2011]

SMBHSs have to be comparable, i.e. 0.01 < ¢ < 1, where ¢ = my/m; is the
mass fraction with msy < my. If that is not the case, the smaller galaxy would
be tidally stripped and the SMBH inside it would never reach the center of
the new forming galaxyﬂ It follows that the secondary (i.e. the SMBH with
lower mass) will create an annular gap about its orbital pathﬂ Eventually,
the gas interior to the secondary’s orbit will fall into the central SMBH and
a cavity will form, as shown in Figure [3.2] As gas continues to accrete, since
it cannot enter the central region and is pushed away by the binary’s tidal
torque, a dam forms around the cavity (at radius ~ 2a, where a is the semi-
major axis). If the dam is porous, as it usually seems to be, circumbinary
gas leaks periodically into the cavity and could create a disk around one or
both SMBHs. This is shown by the arrows and blue disks in Figure It is
still under debate how long these inner disks live. It is reasonable to think,
though, that they are stable and exist until the coalescence of the BHs (e.g.
see Kulkarni and Loeb, 2016). This configuration is expected to give place to
particular EM signals.

i) Because the central region of an AGN is responsible for the most en-

8 Other articles, like Bogdanovi¢, 2015, set the lower limit for ¢ ~ 0.1. As a general rule
in this chapter, given the high uncertainties on the subject, it is better always to doubt
any such numerical example or constraint.

9 This configuration is similar to the one of a hot Jupiter opening a gap in a proto-
planetary disk.
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i)

iii)

ergetic thermal photons, the presence of a cavity in that region would
cut the spectrum at the highest energies and therefore it will lack of
the UV and X-ray part. The peak of the SED is expected to be at
lower frequencies, and it can be approximated using the equation from
Tanaka and Haiman, 2013

p o\ 2
Upea ~ 1017 My rin!/4 (1—) Hz ~ 3.76 - 10" m!'/* Hz, (3.7)
yr

where 1 is the accretion disk rate outside the cavity in units of the crit-
ical rate corresponding to the Eddington luminosity, and the last equal-
ity is true for M = 2-10° M and P = 10 years. For Eddington ratios of
0.2 and 0.01 (the value assumed in the paper), v ~ 2.5-10'* and 1.2-10*
Hz, respectively. The usual value for a singular SMBH is v ~ 101617
Hz. This equation could be used, knowing v and P from observationm,
to find - M;,; and therefore constrain these two parameters. If we also
know the total mass, then we could calculate m, and understand the
geometry of the system better. In Figure |3.3] we can see an example of
a possible SED distribution.

As mentioned previously, the walls of the cavity are expected to be
porous and therefore gas can fall into the cavity and create an accre-
tion disk around one or both the SMBHs. Furthermore, these streams
may shock the BHs disks and, for eccentric binaries, would give peri-
odic flares according to the binary period or with its harmonics. Of the
three unique signatures we expect from a SMBBH, this is the most dif-
ficult to model and understand. That is because many variables enter
the problem, as the total mass, the ratio of the masses, the eccentricity
and period of the binary system, how gas accumulate at the dam in the
circumbinary disk and how it leaks in the cavity, how mini-disks form
around the SMBHs and how they develop. For this reason, the subject
is being studied intensely nowadays but the results are not yet always
in agreement. For example, Shi and Krolik, 2016 and Farris et al., 2014
reach different conclusions about the luminosity of these flares, the for-
mer saying they are quite irrelevant, in contrast with what the latter
concludes. This is why I will not use this signature further in my thesis.

The last, and most important feature, is due to Doppler effects on the
emission line coming from the emitting disks, circumbinary and around

10 We will see later how we can measure P from other characteristic features.
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Figure 3.3: Estimated SEDs of circumbinary disks around a SMBH binary with
total mass M = 10? Mg and mass ratio m; : mg = 4 : 1. The dotted
curves show the emission from the circumbinary disk truncated by a
central cavity (bump at v ~ 10 Hz) and from the circumsecondary
disk (higher-frequency bump). The solid curves show the composite
spectrum, and the dashed curve shows, for comparison, the SED of
an Eddington accretion disk around a single SMBII of the same total
mass. Figure from Tanaka and Haiman, 2013|

one or both the BHs. The line we consider is the Ka line of the Fe, be-
cause it is one of the strongest and most studied.

If there were no disks around the central BHs, the line profile would be
constant with time and look like the black line on Figure This pro-
file depends on the emissivity characteristic of the circumbinary disk,
that are listed in the paper where the figure was taken (McKernan et
al., 2013). If these parameters change, then, also the line profile may
change. However, if one of the BHs has an accretion disk, its Fe Ka
line profile will change with time (for any observer a part from one ob-
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serving the system face—onE]). This change in time will depend only on
the orbital period of the binary, while the flux of the line also depends
on the mass ratio ¢, the distance between the BHs and the character-
istics of the disk. In Figure the line profile at maximum red-shift
(red line) and blue-shift (blue line) are shown. The line is expected to
change its shape from one to another in half the period of the binary.
Therefore, from a prolonged observation, we could measure the period
of the binary. In this case, though, the mass ratio is supposed to be
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Figure 3.4: The black curve shows the Fe Ka emission line from the circumbinary
disk (55 - 100 r4) plus a weak secondary broad component (10% of the
intensity of the full disk profile) due to an accretion disk around the
secondary black hole, located at 30 Ry, centered on the line centroid
energy (6.40 keV). The red curve shows the effect of shifting the cen-
troid of the weak secondary component redward to 5.2 keV. The blue
curve shows the effect of shifting the centroid of the weak secondary
component blue-ward to 7.3 keV. The curves in both panels are binned

at approximately the energy resolution (~ 7 V) expected for Astro-H.
Figure from Tanaka and Haiman, [2013|

rather low, ¢ =~ 0.01. If the two BHs are of comparable mass, as we

11 That is, for an observer who sees the velocity of the BHs along the line of sight equal
to zero.
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expect for binary system emitting observable GWs, there is no reason
to believe only one BH to have an accretion disk. Therefore, we expect
the horns of the line to "pulse" over half the orbital period, since the
evolution in time of the two accretion disks is, in principle, the same
but in opposition. In any case, though, whether the mass ratio is 1 or
0.01, the time-dependent configuration of the line is expected to return
on its "starting" configuration after half a period. For this reason, mon-
itoring this change in time is a powerful tool.

Figure[3.5]shows a simulation done by McKernan et al.,[2013| They sim-
ulated a 350 ks (= 4 days) observation with XMM-Newton EPIC PN of
an AGN at z = 0.01, with a 2-10 keV countrate of 3.5x 107! erg/cm®/s.
Simulated data are in black, and they show a Fe Ka line of the sec-
ondary disk centred at 7.3 keV, that is blue-shifted. The solid blue line
corresponds to the best fit to these data, while the red one is the best
fit for a red-shifted line, at 5.2 keV. Data in the latter case are not pre-
sented for clarity. We can see that disentangling the circumbinary disk
from the secondary disk may be difficult to realize, but repeated ob-
servation with the new generation telescopes may allow us to actually
observe this feature well enough, as [ will prove in the next paragraph.

3.21 Detectability of EM counterparts

Because of the many uncertainties and the big interest around system
emitting both gravitational and EM signal, this field has been studied deeply
in the last years. Many methods to study such system are being considered
and modelled, and T gave a summary of the main onesfz]. It is now of big
importance to understand which one of these features is currently measurable
and observed, and what can we expect from future observation.

The main features I am interested in for my work is the last one described
in the previous chapter. Again, the detectability of this time-dependent line
shape depends on many different characteristic of the system (Sesana et al.,
2012)), but overall there are good chances that we can observe them. Indeed,
for example, Tanaka and Haiman, [2013| affirm that these oscillations should
be easily detected during an extended observation with Astro-H[" In the
paper by McKernan et al., [2013, it is said that even with the XMM-Newton

12 But there could be others. See for example Yan et al., 2014, where they suggest to use
light curves and size-wavelength relation to infer binary properties, or Kulkarni and Loeb,
2016, where they propose to use possible radio jets emission from inner disk accretion, just
as a regular AGN, to understand the binary system.

13 The paper was written before the unsuccessful lunch of Astro-H. We will see later
that other missions will be capable of this observations.
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Figure 3.5: Black data points correspond to simulated data where the secondary
line centroid lies at 7.3keV and the blue solid line corresponds to the
best-fit model to the data. The red solid line corresponds to the best
model fit when the line centroid of the secondary lies instead at 5.2keV
(simulated data not shown for clarity). Further information on the text
and on McKernan et al., 2013, where the figure was taken.

EPIC PN, through repeated observation, it should be possible to detect these
oscillations. For a review of the main X -ray observatories useful for this study,
see Tab. From the table, we can see that an ideal instrument, to study the
wings of the line in detail, would be one with an effective area of LOFT and
resolution of Athena. Nonetheless, even with today XMM-Newton it should
be feasible to conduct useful observations, as shown in Figure 3.5

Both the work by Sesana et al., 2012 and McKernan and Ford, 2015 show
that it will be feasible for next generation X-ray observatory to identify Fe
Ko features. As an example, see Figure[3.6, This is approximatively the same
as Figure [3.5] i.e. the AGN is at redshift z = 0.01 as previously, but in this
case the simulated observation is done by the Athena observatory, the time
exposure is 100 ks (=~ 1 day) and the flux is lower, 4.5- 1072 erg em 2 s
With respect to Figure [3.5] we can clearly see how the line shapes will be
easily detected with the new generation observatory. Note that for sources
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Mission Launch Energy Effective area .%m mmumoﬁ“mm
range angular resolution resolution
XMM-Newton 10/12/1999 X-ray, IR, average ~ 10° c¢m? E/AFE ~ 20— 50
EPIC pN 2 visible, UV ang. res. & 5 arcsec at 0.15 — 15 keV
MAXD started working X-ray 6-10° cm? AE =135 eV
august 2009 2 — 30 keV - —— at 5.9 keV
. X-ray 300 cm? at 30 keV AE ~ 7 eV at
Astro-H 17/02/2016 1 2~ 600 ke ang. res. ~ 60 — 90 arcsec 0.3 — 10 keV
2
IXO/Athena ¢ 2028 X-ray 2m”at 1 keV AE ~10 &V
ang. res. & H arcsec
. X-ray 10 m? at 8 keV AE < 260 eV
LOFT 2025 2 — 80 keV and. res. < 5 arcmin over the entire band

Table 3.1: Main satellite observatories.

@ X-ray Multi-Mirror-Newton European Photon Imaging Camera. https://www.cosmos.esa.int/web/xmm-newton/home| Spectral reso-
lution, from the table, is AE ~ 10 — 800 €V.

b Monitor of All-Sky X-Ray Image, placed on the International Space Station. http://cosmic.riken.go.jp/maxi/

¢ http://astro-h.isas.jaxa.jp/en/| Note that the 27¢" of march, 2016, contact was lost with the satellite and JAXA, the Japanese
space agency, said it can not take control of the satellite any more. Nonetheless, it collected about one month worth of data with its
instruments.

4 Advanced Telescope for High Energy Astrophysics. http://sci.esa.int/cosmic-vision/54517-athena/

¢ Large Observatory For X-ray Timing. http://www.isdc.unige.ch/loft/


https://www.cosmos.esa.int/web/xmm-newton/home
http://cosmic.riken.go.jp/maxi/
http://astro-h.isas.jaxa.jp/en/
http://sci.esa.int/cosmic-vision/54517-athena/
http://www.isdc.unige.ch/loft/
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Figure 3.6: A simulated 100 ks observation with the Athena microcalorimeter of
an AGN at z= 0.01, with a 2 — 10 keV flux of 4.5-10712 erg cm 2 s~ 1.
Black data points correspond to simulated data where the average line
centroid shift is 6FE/E = +0.004, and the blue solid line corresponds
to the best-fit model to these data. The red solid line corresponds to
the best model fit when 0E/E = —0.004 (simulated data not shown
for clarity). Figure from McKernan and Ford, 2015|

with redshift z = 1, the flux i{"] ~ 4 - 10~° lower than the flux of a source
with the same luminosity at z= 0.01. This means that, to have a number of
counts acceptable, we should increase the observation time of one order of
magnitude, at least, i.e. 10° s, while in order to have the same number of
counts, the integration time would be too long. To have a definitive results,
though, one should run a simulation with the source at z = 1. For this reason,
observations of sources at these distances are more complicated and it is not
clear, yet, how well we could observe such features.

A special mention must be made for the Square Kilometer Array. Indeed, it
will allow us to resolve individual SMBBHs emitting GWs in the PTA range

' From f = L/4md%, where f here stays for flux, d%(z = 0.01) = (43.4)> Mpc? and
d?(z =1) = (6701.2)®> Mpc?. I used Qp = 0.28, Q5 = 0.71, and Hy = 69.6 km /s/Mpc.
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(Sesana et al., 2012 and therefore it will give us an extremely powerful tool
to study these system in detail.

3.2.2 QObservation

There are already some examples of real observations which suggest the
presence of a binary system that I just portrayed:

- Graham et al., 2015| report the detection of a strong, smooth periodic
signal in the optical variability of the quasar PG 1302-102, with a mean
observed period of 1884 £ 88 days, shown in Figure They suggest
that this periodicity is due to the fact that the AGN is actually a bi-
nary system of BHs and the periodicity is given either by a preceding
jet, periodic mass accretion, or a warped disk eclipsing part of the con-
tinuum as it precesses.

About the same AGN, D’Orazio et al., 2015 try to explain this peri-
odicity stating that it is due to a lump in the circumbinary disk. That
would mean that the actual period of the SMBBH is 3—8 times shorter
than the 5.2 years of the optical signal variability.

This last explanation is very plausible, but has to be further proven
with other observation, for example in the high energy X-ray spectrum.
Until then, the uncertainties are still too large to give any definitive
conclusion.

- Bon, [2016| present an analysis of 43 years (1972 to 2015) of spectro-
scopic observations of the Seyfert 1 galaxy NGC 5548. Observations
reveal a ~ 5700 days periodicity in the continuum light curve, the HS
light curve, and the radial velocity curve of the red wing of the Hf
line, see Figure [3.§f Among others explanations, they suggest that this
periodicity is due to the fact that the system is a SMBBH. Also in this
case, though, this hypothesis is not strong enough and can not be fur-
ther proved. That is because studies on some SMBBHs models similar
to this real case do not give yet details in possible emission features
corresponding to the data we currently have, and models themselves
could have different configurations than this case. In other cases, where
Bon, 2016|tested a model, the result were not totally in agreement with
data. Therefore, for the moment, other explanation are more plausible.

- Liu, Eracleous, and Halpern, [2016|looked for periodic a signal in the Ha
line for 13 possible SMBBHs system. They conclude that any periods
are significantly longer than their monitoring span, and /or mechanisms
other than orbiting BHs are responsible for their double-peaked broad
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Figure 3.7: The composite light curve for PG 1302-102 over a period of 7338 days
(~ 20 years). The light curve combines data from two CRT'S telescopes
(CSS and MLS) with historical data from the LINEAR and ASAS sur-
veys, and the literature. The error bars represent one standard devi-
ation errors. The dashed line indicates a sinusoid with period 1,884
days and amplitude 0.14 mag. The uncertainty in the measured period
is 88 days. Note that this does not reflect the expected shape of the
periodic waveform which will depend on the physical properties of the
system. MJD, denotes the modified Julian day. Figure from Graham
et al., 2015,

Ha lines and their line profile changes. This, and the previous example,
prove how difficult this task is and that the search for SMBBHs could
be really time demanding with current technologies and data, and that
not always will lead to a certain SMBBH detection. Nonetheless, their
articles are a good review to better understand what to expect from a
SMBBH in terms of spectral analysis.

- Kun et al., 2014 perform an analysis of long-term VLBI data of the
quasar 35 1928-+738 in terms of a geometric model of a helical structure
projected onto the plane of the sky. The quasar is at redshift z = 0.302.
By studying the radio jets emission data, they infer a binary with period
of T = 4.78 & 0.14 yr, mass M,,; = 8.13 - 108 M, and therefore a
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Figure 3.8: Radial velocity curves resulting from fitting a Gaussian to the broad
Hp line of NGC 5548. The solid red line shows the best fit of a sine
wave of period 5700 days. Figure from Bon, 2016

separation of R = 0.0128 4 0.0003 pc. This system have parameters
allowing to be resolved and observed by PTA. For this reason, this is
on of the best candidate for a SMBBH system.



Chapter 4

Time delay

This chapter is the heart of my work. Here, I describe the time delay
between the gravitational and EM signal, discussed previously. I will illustrate
how to calculate such a time delay for the wavelengths I am interested in and
constrain how well can we observe this lag nowadays and in the future. T will
use all the information written above in chapter 2] and [3} including also the
background set in chapter [1| and articles from literature.

4.1 Calculate time delay

In order to calculate the time delay between GWs and EM signal, we
first need to understand how the waves are lensed. For the light, this is
simple because we can use the geometrical optics approximation. Then, the
time delay is just given by eq. . For the GWs, the calculations are less
trivial, because we are in the wave optics regime. I will derive here the time
delay for both point masses and SIS lenses.

411 Lensed GWs

To calculate the lensed form of GWs, fLJLnX(f), we need to use the ampli-
fication factor. This is a complex function, F'(f, 8), where f is the frequency
of the GW and §3 is defined in Figurdl.4] given by the diffraction integral
(derived in Schneider, Ehlers; and Falco, [1992),

DyD,
F(f.8) =~ (

! +Z_Zd)f / 4?0 exp[2mifta(6, B)], (4.1)

! For all this chapter, we consider monochromatic GWs, with frequency f.

43
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where Dy, Dg, Dy, 6 and  are defined in Figurdl.4] and the time delay,
ta(0, ), is defined in eq. (1.23). Then, the lensed GW is given by the product
of the unlensed waveform, h, ,(f), derived in chapter and the amplifi-
cation factor, F'(f, /),

L () = F(f,8) - hy o (f): (4.2)

To simplify the problem, we can consider the equation through dimensionless
quantities, and rewrite them in term of the distances (D4, Ds and Dg,) and
of the Einstein radius, g [defined in eq. (1.30))]:

95
B
Boy=— (4.3b)
)
D,D M
f=w= cd 20%.(1 4 z9)27 f :87TGC3Zf, (4.3¢)
ds
b= Tlvg) = <2020 4+ 2 10,8) = —Sta(06),  (434)
d z,y _Dst E Zd d\Y, _4GMZ d\Y, ’ .

where, in the last two equations, I substitute the value of the Einstein’s
radius. The amplification factor is then

F(w,y) = %/d% expliwT (z,y)]. (4.4)

The time delay of the GW is defined from the phase of the amplification

factor, .
Taw(w,y) = —i In (%) (4.5)

Note that this time delay, unlike the one for light, depends on the frequency
of the wave.

For a point mass lens, the amplification factor is obtained by numerical in-
tegration (Takahashi and Nakamura, 2003)),

. . . . 2
TWw W w iw w | Twy
F = — + —1 (—) ri1——| F(—,1,—— 4.
(w,y) exp{4+2n21 ( 2)11<2,7 2)7(6)
where | F} is the confluent hypergeometric function (Peters, [1974). From eq.

(4.5), and for w < 1, we can derive the time delay, for GWs due to a point
mass lens, as an expansion in w,

Tow (w, y) = % [m (%) +v] +O@W?)|, (4.7)
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where v = 0.577215... is the Euler constant.
For a singular isothermal sphere lens, the amplification factor is obtained by
numerical integration as well. The time delay, in this case, is

Tow(w,y) = —\/77?11)1/2 — (1 — %) +Ow'?)]. (4.8)

41.2 Lensed light

The time delay for the EM signal is calculated in the geometrical optics
regime, and it is given simply by eq. (1.23)), or, in the dimensionless form, by
eq. (4.3d).

For a point mass lens, recalling egs. (1.27)), (4.3a) and (4.3b]), we obtain

24 2F Yy +4 +\/y?+4
Toraly) = T —In [TV (4.9)
For a SIS lens, we have 6. = 5 + 0g, and therefore
1

As said before, at the end of section all these time delays can be negative
since the lens potentials, 1) (defined in Tab. , are not normalized to zero
at infinity. And, again, this is not a problem since we are not interested in
the absolute time delay, i.e. with respect to the unlensed case, but in the
difference between gravitational and EM signal arrival time.

41.3 Time delay

We now have all the information, summarized in Tab. to calculate
the time difference between gravitational and EM signal, defined as

ATEM,ifGW(xa w) = TEM,i(y) - TGW(y7 w). (4-11)

Usually, though, the arrival time difference is measured not as a time, but
from the phase difference of the two waves. For this reason, what should be
calculated is the (dimensionless) phase difference, given by wAT gy 4+—qw.
From this dimensionless quantity, we can obviously reconstruct the dimen-
sional one. In particular, we can write

1

1
Atpy+—aw = ﬁWATEM,ifGW =0.16 - wATpM +—aw (é) sec.
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Lens GW delay EM delay Atpym,+—ew
Point mass 3 [0 (w/2) +9]+ (v +2F y/y? +4)/4+ | 0.16 sec (f/Hz)™"-
ITGA\SMV — _5 'Q\ + \/ w\w + NC\MA .@QDN.,@N,FR\QS\
—(w™2/m) /2 — (1 —7/4) + _ 0.16 sec (f/Hz)™!-
o5 +O(w'’?) Ty —1/2 WATEM 4+ oW

Table 4.1: Recap of main time delays for point mass and SIS lens, depending on the source position, y, and, just for GWs,

on the wave frequency, w. The values of wAT™ for different y are listened in Tab. E
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For a point mass lens, we can calculate the maximum phase difference, for

different source positions, y, (see Tab. between the brighter EM image
(Tewm+) and the GW. For y = 0.01, it is wATgy+—ew =~ 0.55. Therefore,
the maximum time delay, between EM and gravitational signal, is

max f -
Therefore, for f ~ 1078 Hz (i.e. T ~ 3 yr), At ~ 3.5 months. For f =~
107% Hz (or T ~ 11 days), At ~ 1 day.

In the case of a SIS lens, for a source at y = 0.01,

Z

-1
Atpyi+—ow = 0.1056 sec (Hi) . (4.14)

In this case, for f ~ 1078 Hz, we get At ~ 4 months, that is slightly larger
than before, as expected.

Note that having taken the value from Tab. the dimensionless frequency
w is fixed. Remembering its definition [eq. (4.3¢)], w ~ M f. For a fixed w,
also the product of f and M is fixed. That is, in the first example, we would
have At ~ 3.5 months for a lens Withﬂ M =~ 8.3-10" M, a reasonable mass
for a galaxy. That is not a problem, since in a real case, if the lens mass is
known, we can just insert the value in the equations. If it is not, we can use
these equations to put constraints on its mass. In this last case, though, we
have to possess a measure of the time delay and we need to remember that
the lens mass enters also in the equation for the effective lensing potential
(see Tab. for a point mass lens. For a SIS lens, the mass does not enters
in the potential equation, but we have to know the one-dimensional velocity
dispersion of the stars composing the galaxy, which act as a lens.

4.2 Sensitivity of observations

I just talked about the theoretical calculations. Let us now concentrate
on the observational issues. As I explained above in chapter [2] the detection
of GWs, in the wavelengths range I am interested in, is a recent and evolving
field. Up to now, no direct observations of GWs has been feasible with PTAs.
Here, T try to estimate how good, in terms of S/N ration, the observations
need to be, not just to detect GWs from a single source, but also to detect
the time delay.

2 From eq. (.3d), w = 1.1 = 1.3 f/Hz- M/10* M. Here I took a redshift for the lens
of z=0.1.
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Lens y w | wAT™*® (rad) | AT™*® . (f/Hz)~! (sec)
1 0.23 0.11 0.018
point mass | 0.1 | 0.92 0.46 0.073
0.01 | 1.10 0.55 0.088
1 0.12 0.15 0.024
SIS 0.1 | 1.32 0.51 0.082
0.01 | 2.25 0.66 0.106

Table 4.2: Examples of maximum time delay for different source position, y, both
for point mass and Sis lens. The w are obtained setting to zero the
derivative of Atgy+—cw (w,y) with respect to w, and the AT™** are
obtained inserting this value of the w in the relative equations.

In the work by Cutler and Flanagan,|1994, and as reported also by Takahashi,
2016l we learn that, in a matched filtering analysis, the phase of the waveform
can be roughly measured within the accuracy of the inverse signal-to-noise
ratio ~ (S/N)~'. That is, e.g. for a S/N=10 we can measure the phase
difference if WATEy+- ow 2 107! rad. Or, conversely, to detect a phase
difference off 0.11, we need a signal-to-noise ratio of S/N > (0.11)~! ~9.1.
Note that, both GWs and EM phases enters in wAT™**. Of course, though,
the observation for GWs is much more complicated than the one for the EM
counterparts. For this reason, [ will now concentrate on determine the signal-
to-noise ratio just for GWs from PTAs detections.

The most important references, in this case, are the one by Moore, Taylor,
and Gair, 2015/ and Huerta et al., 2015, From Moore, Taylor, and Gair, 2015,

we have

*hdsint (27 ft + ¢)

T
S/N = Q2 ~ Np(Np - 1>Tobs/0v dt J4f45t2 R (415)

N | —

where N, is the number of pulsars in the array, Ti,s is the total baseline
time of observation, x is the sky-averaged value of the geometric factor in
eq. (3:3), x = 1/V/3, h, is the strain of noise fluctuations in the detector, f is
the GW frequency, sin ¢ is a constant offset from zero in the timing residual,
o? is the variance of the statistic S/N ratio, in the absence of a signal, and
1/6t is the observing cadence of the timing-residual of the pulsars.

A simpler equation is given by Huerta et al., 2015, They consider binary
systems with eccentricity e # 0. Here, I derive and consider the equations in

3 1 took the lowest value in Tab.
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the limit of e = 0. Then, we have

2

Phigh = B- f;i/?’a for f 2 ) (4.16a)
obs
5 2
Phow = € fogy - for f S . (4.16b)
obs

where T, is the total baseline time of observation, and therefore T,,s ~ fops,
that is the lowest frequency detectable by the PTA{Y f, is the orbital
frequency of the SMBBH (2 in Figure [1.1)), B and C are

48273 N, (N, — 1) Tope M3 (1 4 2)*

B= 15 BAG s ATy
o _WRPN(N, — 1) TG MY (4.17b)
45 d7 (1 + 2)2Atorms’ .

where N, is the number of pulsar in the PTA, d;, is the luminosity distance
to the source, ., is the root mean square of the timing noise, and 1/At is
the cadence of the measurements. In order to give some numerical example,

I rewrite eqgs. (4.16a) and (£.17a)) ad|

£\
Phigh = 0" - (1+2)* (f X ) , (4.18)

with

M 10/3 T, 5/3
»” =4.26-102N, (N, — 1) [ ——— oo
P PN =D\ 1557 0yr) =

y (100 1\/1pc>2 (100 ns) (0.05 yr>
dL Orms At '
Now, let us make some numerical calculations. First of all, as constant values
through the next examples, and in Tab. I consider sources at redshift
z = 1, that is a luminosity distance of d;, ~ 6.7 Gpc, a total observing time of
T,ps = 10 yr (and therefore a fos = 2-3.17-107° s7!), an observing cadence
of 1 week, i.e. At ~ 0.02 yr, and a timing noise with ¢ & 100 ns. These are

good approximations for current PTAs, and the sources we are looking for.
The uncertainties could be in At, because one week is an ideal situation, and

(4.19)

4 Nonetheless, the case for f < 2/T,y is usually taken into account to completeness, and
because SMBBHs with eccentricity e # 0 emit a spectrum of different GWs wavelengths.
I will briefly talk about this case in the last chapter.

® 1 just consider the case of f > 2/T,s.
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o ~ 100 ns is the lowest limit nowadays.

For a PTA with N, ~ 30 pulsars, as IPTA is, and a SMBBH with two BHs
of m; = my = 108 M, we have a signal-to-noise ratio p*> =~ 0.24, for a
f = 2fom = 1078 Hz, and p* =~ 0.01, for a f = 2f,, = 1075 Hz. As we can
understand from previous considerations, and general knowledge, this value
is too low to detect the largest time delay we calculate in section m (see
Tab. , and even to recognize just the GW signal. Therefore, with current
technologies, and the assumptions made above, such an observation would
be impossible. We can calculate what would be the minimum mass of the
binary system, to actually detect the time delay calculated previously. I set
the minimum signal-to-noise ratio at S/N 2 5. Then, the SMBBH has to
have a mass of at least 6.3 - 108M,,, for the time delay to be detectable up to
the GW frequency of f = 107% Hz. It follows, from eq. (4.18), that a higher
sensitivity is necessary to detect the time delay for a smaller GW frequency.
Therefore, if it is enough for f = 107% Hz, it is for sure enough also for
f =107 Hz, see Tab. [4.3|

Even though these observations could look feasible, as I said previously, we
do not have even made any GW observations with PTA, yet, and therefore
nor time delay detections. This could be due to several reasons, among which,
we do not have enough precise data yet, models to study the TOA and the
corrections for all the several errors (see section are still to be improved,
or also, there are no such sources or there are very few of them.

This was the case for current observatories. For the future, the SKA will
improve largely on the sensitivity of the observations, i.e. reduce for example
Orms, 1t will detect and study a lot more pulsars, and therefore will give
us the opportunity to detect the time delay much more easily than today.
For example, I calculated the value of the signal-to-noise ratio of an array
with N, = 500 pulsars, that is what we think the SKA will be capable of. I
maintained all other values as before. Then, again for a SMBBH with mass
of 108My, p* ~ 3.2 for f = 1075. This is still a rather low value, but much
higher than the previous one. With a mass of 1.5- 108, the observation could
be feasible. All this numerical examples, and others, are summarised in Tab.

4.3l
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frequency (s7') | N, | Mass (M) | S/N
1.0-108 0.24

30 2.5-108 5.3

i, 3.0-10° | 9.3
10 3.5-107 1.9
500 5.0 107 6.6

1.0-10% 70

1.0-108 0.01

30 6.3 108 5.2

i 80-10% | 11
10 5.0 - 107 0.3
500 1.0-108 3.2

1.5-108 12

o1

Table 4.3: Examples of signal-to-noise ratios, for different masses of the SMBBHs,
different number of pulsars in the PTA, and for the two limit frequencies.
Note that from eq. (4.18)), S/N is higher for lower frequency, when all

other parameters are the same.
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Chapter 5

Conclusions

In this chapter, I summarize all the thesis briefly. Then, I recap the final
results of my work and discuss them. Finally, I present future works, which
can be pursued taking this thesis as an initial point.

5.1 Summary

The goal of this thesis is to measure the time delay between gravitational
and electromagnetic signals, due to gravitational lensing. To fulfil this goal,
many different subjects were taken into account and studied. First of all, I
gave the basic information about the nature of gravitational waves, i.e. what
are they and how to derive their existence from general relativity. Then, I
gave a simple example of a binary star system, that could be adapted to the
SMBBHs case. As part of the background knowledge, I also talked about
gravitational lensing, by point masses and singular isothermal sphere lenses,
and stated the difference between geometrical and wave optics.

Chapter [2| was about detection of GWs. I explained how PTAs work, what
are the main challenges in this field, and what are the main present result, a
part from what we expect to detect in future.

After that, I focused on the sources of the signals, SMBBHs. These systems
are under large investigations nowadays, and there are still many uncertain-
ties in their creation and development and, therefore, in their signals. We
know, though, that such systems have some particular features that should
bring unique EM signals. There are already some observations that may be
explained in this way. All this is discussed in chapter

Finally, chapter [4]is the heart of this work. There, I derived how to calculate
the time delay for both point masses and singular isothermal sphere lenses.
Furthermore, T discuss how well GWs observation should be performed to

23
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actually see those time delays. I gave different examples and the result of
this work, that are summarised and discussed in the following chapter.

5.2 Final results & discussion

I studied the time delay between GWs and EM signals from SMBBHs.
With future data from SKA, I showed that we will be able to measure the
gravitational signal, coming from SMBBHs with total mass M > 108 M,
with a S/N = 3, at least. Together with observations from next generation
X-ray satellites, whose sensibility needs to be further studied for distant
sources, used to detect the EM counterparts, this will allow us to measure
time delays of the order of months, that is a typical delay given by a galaxy,
acting as a gravitational lens, of mass M ~ 10 M.

The results obtained in this thesis are to be considered an approximation
and, in some way, a simplification of the real case. Indeed, throughout this
work I made a series of assumptions to simplify the numerous problems.
That is because they are still under investigation, and because a deep study
of the whole matter and issues is outside the scope of this thesis. Indeed,
every chapter of this thesis could be a whole thesis work in itself, or even
more. Nonetheless, the results are valuable and a firm starting point for fu-
ture studies.

The main result is the fact that, with the next generation observatories, and
with SKA in particular, we will definitively be capable of detecting the time
delays between GWs and EM signal, for a large range of sources (SMBBHs
composed by black-holes of M 2> 10% Mg). The main issues of these ob-
servations is, for sure, the detection of GWs with high sensitivity. I showed
that, with a number of pulsar large enough, and with constant, prolonged
and precise observations, this will be possible. The precision of the detection
does not depend just on the power of the observatory, but also on the exact
correction of the noises and extrapolation of the signal. Furthermore, the
EM counterpart will be easily detectable as well, for close sources, while for
sources at redshift z ~ 1, it is not still clear how well this can be pursued (see
chapter [3.2.1). For example, as shown in chapter with the next X-ray
satellite observatories, we will observe the unique EM signals coming from the
sources. The fact that these are particular signals, expected just from binary
SMBHs systems, is an advantage. Indeed, we could recognize and identify
these sources easily, and we could use this feature in future surveys to find
more of these systems (about this, see also chapter about future works).
Nowadays, the whole problem is a bit more complicated. According to the re-
sult of previous chapters, both GWs and EM signal from these sources are, in
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theory, detectable with current technologies, even though it is very difficult.
Indeed, any sign of them are yet to be found (GWs with PTAs, see chapter
or completely accepted and explained (EM signal, chapter [3.2.2)). The
effort towards a detection, though, is growing with time (just think about
the IPTA), and the whole field, from GWs to SMBBHs, is being deeply re-
searched and is of great interest nowadays. Therefore, given the result of this
work, and the many studies and recent articles about this subject, I expect
exiting results in the next few years.

Once we certified the theoretical feasibility of the observation, the main
problem about the measurements is, to me, to couple the two different signals.
That is, let us assume, as an ideal case, that we know everything about the
source, the lens and we can measure the signals as precisely as we want.
To prove, through observations, that the results of this thesis are valid, one
should observe the signals emitted at the same time, or with a know time
lag, from the source, which arrives with a certain time delay at Earth. In the
real case though, the signals reaching the Earth are continuous and it could
be tricky to couple two signals of different nature, arriving months one from
another. The study of the evolution of the source with time could, in this
case, help us. For example, if we know that at a certain point we expect some
kind of different signal from the source, or if we know that to a certain EM
signal corresponds a particular frequency in the gravitational signal, then
we could couple the signals. Furthermore, the pulsar term, explained in [2.2]
could be useful since it gives gravitational images of the sources at different
timed']

For all these reasons, the utility of this work can be seen from two different
point of views:

i. assuming that we know how to couple these two different signal, i.e. we
can assert the time delay of the signals at the source, then, by studying
their time delay at Earth, we can reconstruct the shape of the lens and
study it in some detail;

ii. on the contrary, if we know the characteristic of the lens, by measuring
the two signals and knowing what the theoretical time delay should be,
we have a powerful tool to study the source. This could be very useful,
given the interest about these sources lately, and since many galaxies
are expected to have or have had such a system in their center.

There could be times when both the lens and the source are unknown. In
those cases, little can be done. One chance, if we are lucky enough, could be

! Even though being an interesting issue, I did not spend much time talking about it
because its detection is very complicated, since it is different for every pulsar.
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to constrain the mass of the lens by studying different EM images, and then
use that information to study the delay with the gravitational waves.

5.3 Future works

As we could see throughout the whole thesis, all subjects treated com-

prehend a wide field of study. The first possible work would be to deepen
the knowledge in all these different subjects. The main example, in this case,
is the study of SMBBHs. Indeed, there are many uncertainties in this field,
and a deeper study is necessary to better understand their evolution and,
therefore, their emissions, both of GWs and light. This study has to be con-
ducted mostly by computer simulations, but, to date, the problem is too
complicated to make a "complete" 3D simulation and, then, simplifications
have to be done. A better modelling of the EM signal could also bring other
interesting information for future work. Using surveys that study all the sky,
we could look for the unique signals expected from SMBBHs sources and
therefore recognize them much easier than today. One of the future surveys
that, among other goals, will look for these features is the Large Synoptic
Survey Telescope (LSST)F
Another possible work could be to extend the results found here, to more
general cases. For example, I considered a binary system with two BHs of
the same mass, and with an eccentricity e = 0. Of course, in nature, we find
all different cases and non zero eccentricity is believed to be the usual case
for these system, because of their evolution and interaction with surrounding
matter. Furthermore, SMBBHs with e # 0 are expected to emit in more than
one frequency, giving birth to a spectrum, depending on their eccentricity.
This could be interesting to study, since, as we saw in chapter [£.1.1] the time
delay for the GWs depends on the frequency of the wave.
One last, and more difficult task, could be to study more in detail the pulsar
term of the PTAs. As I explained, this could be useful since every pulsar gives
a picture of the source at different epochs, depending on their distance to
Earth. Since the GWs frequency change with time, this could be a powerful
tool. The problem, though, is that, while for the Earth term all the signals
sum up to give one single signal, for the pulsar term this is no longer the
case, and the signal will be much fainter. This bring the pulsar term to be
neglected and ignored nowadays. To observe and study such a feature, then,
is a task for the future.

2 https://www.lsst.org/
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Appendix A

About [ and GWs

I will try to explain here briefly how from

~ 4
P (t, 7)) —— = [ B2 [Tt — 7, 7))t (1.13)
r—oo T
we can derive )
R(t, &) — =19(t — 7). (1.14)
r—oo 7T

First, recall the flat-space conservation for stress-energy tensor: 9s7% = 0.

From this
aTtt aTkt

+
ot oxk
Differentiating this equation with respect to time, and using the symmetry
T+ = T% we find

= 0. (A1)

aQTtt 8 aTkt
o ot (a_) -
J
aQTtt B _2 aTkt o i aTtk . 82Tkl (A 2)
o2 ot \oxk ) ok \ ot ) Oxkdaxl '

At this point we multiply both sides of (A.2) with 2’2’ and integrate over
space (i.e., over d>z) where the right hand side is carried out by parts, to

obtain:
2TV (2") = i dPrr' ! T (2. (A.3)
2 dt?
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Assuming the stress-energy tensor has no relativistic velocity (i.e. in the weak
field limit) then T% — p(x), that is the rest-mass density, we can define the

quadrupole momentum:
I9(t) E/d3$$il‘jp(t,f) (A4)

and finally, substituting (A.3) and (A.4) in (L.13), we get:

. Q...
Rt 7) —s ZT(t — 7). [T.14)

r—oo T
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